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Excitations of a low-dimensional dimerized spin ladder under a magnetic field.
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Weizmann Institute of Science, Rehovot-76100, Israel
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Here we study the dimerized spin ladder with nearest-neighbor (J1) and next-nearest-neighbor
(J2) anti-ferromagnetic interaction under a magnetic field. We predict the existence of different
magnetization plateaus for the presence of spin-Peierls interaction on both J1 and J2. Magnetization
plateau at m = 0 for J1 dimerization is spontaneous due to XY interaction, but it is absent for J2
dimerization, only intrinsic umklapp term leads to plateau (spin gap) state for some specific values
of XXZ anisotropy (∆) and J2. Here we predict a saturation plateau which is the classical phase
of the system. There are some numerical support of our analytical approach already existing in the
literature. The transition from commensurate gapped phase to incommensurate Luttinger liquid
phase is the Mott-δ type of transition.
PACS numbers: 75.10.Jm-Quantized Spin Models , 75.40.Cx-Static Properties (order parameters,
static susceptibilities, heat capacities, critical exponents etc) , 75.45.+j-Macroscopic Quantum Phe-
nomena in Magnetic Systems.
1. INTRODUCTION
One-dimensional and quasi-one-dimensional quantum
spin systems have been studied extensively for last few
decades, due to many unusual and interesting findings
from both experimental and theoretical sides. The four
observations which make the low-dimensional spin sys-
tems particularly interesting are, (i) Haldane’s conjec-
ture for one-dimensional anti-ferromagnetic spin systems
[1], (ii) the discovery of high-temperature superconduc-
tivity and its magnetic properties at low doping [2],
(iii) the discovery of ladder materials [3], and (iv) re-
sponse of the spin-ladder/chain systems under a mag-
netic field (gapped excitations, magnetization plateau,
magnetization cusp, and first order phase transition)
[4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. It has been observed
that spin-1/2 ladder systems with the railroad geometry
with an even number of legs are gapped, while systems
with an odd number of chains have gapless excitations
[14, 15]. However, the frustrated zigzag ladder shows
gapless spin liquid state or the gapped dimer state, de-
pending on the ratio of the exchanges of the rungs to the
chains [16].
However, all these above mentioned studies are in the
absence of magnetic field. The situation become very
interesting in presence of magnetic field. Then it is pos-
sible for an integer spin chain to be gapless with partial
magnetization and a half-odd-integer spin chain to show
a gap above the ground state for appropriate values of
magnetic field. It has been shown by different groups
[5, 6, 7, 8, 9] that the magnetization of some systems
can exhibit plateaus at certain nonzero values for some
finite ranges of the magnetic field. The basic criteria for
the appearance of magnetization plateau can be under-
stood from the extension of Lieb-Schultz-Mattis theorem
under a magnetic field. This implies that translationally
invariant spin chains in an applied field can be gapped
without breaking translation symmetry under the con-
dition S − m = integer, where S is the spin and m is
the magnetization state of the chain. In this gapped
phase, magnetization plateau occurs for quantized values
of m. Fractional quantization can also occur, if accom-
panied by spontaneous breaking of translational symme-
try. Fractional quantization can be understood from the
S −m = non integer condition. In this situation system
is either in the gapless low lying states or the degenerate
ground state with spontaneous translational symmetry
breaking in the thermodynamic limit. Suppose a system
is in the spontaneously translational symmetry breaking
state, the ground state should be degenerate (say q fold).
In this situation ground state have q different eigenvalues
of translational operator , the degenerate states can be
related to the spontaneous breaking of translational sym-
metry to period of q sites in the thermodynamic limit.
These conditions for the appearance of plateau are the
necessary but not the sufficient conditions. The nature
and the occurrence of the plateau also depend on the
nature of the interaction present in the system [10, 11].
Apart from this interesting plateau formation,the pres-
ence of magnetic field has also other interesting effects
on spin systems [12, 17, 18, 19].
In our present study, we will study the effect of mag-
netic field on the dimerized (both rung and leg), spin
ladder. Here we predict the presence of three fraction-
ally quantized magnetization plateaus (m = 0, 1/4, 1/2)
whereas the other fractionally quantized plateaus are ab-
sent. We mainly stress on the study of leg-dimerization.
[6]. Fig. 1 shows the zig-zag ladder with dimerized
legs (different chain exchange). Rung dimerization is the
dimerization in J1, which has not been shown in the fig-
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FIG. 1: Schematic diagram of a spin ladder with different
chain exchanges.
ure. We compare our calculation and results at each and
every steps with rung dimerization with a marginally new
result in rung dimerization regarding the XXZ anisotropy
of NN interaction. In this work our approach is com-
pletely analytic, we use abelian bosonization and renor-
malization group method to study these model Hamil-
tonians. We compare our results with the available nu-
merical results. Sections of this article, are the following.
Section (2). Hamiltonians and the general formulation
of analytical calculations, with the analysis of different
magnetization plateau. Section (3) is devoted for discus-
sions and conclusions.
2. MODEL HAMILTONIANS AND
CONTINUUM FIELD THEORETICAL STUDY:
In this section we will present all general derivations of
this paper, different subsections for different magnetiza-
tion plateaus, are the special limit of these general deriva-
tions. The model Hamiltonian for J2 and J1 dimerization
are respectively,
HA = J1
∑
n
(Sn(x)Sn+1(x) + Sn(y)Sn+1(y) ,
+∆Sn(z)Sn+1(z)) + J2
∑
n
(1− δ(−1)n)~Sn · ~Sn+2
−gµBH
∑
n
Sn(z) (1)
HB = J1
∑
n
(1 − δ(−1)n) (Sn(x)Sn+1(x) + Sn(y)Sn+1(y),
+∆ Sn(z)Sn+1(z) ) + J2
∑
n
~Sn · ~Sn+2
−gµBH
∑
n
Sn(z) (2)
Where n is the site index, x, y, and z are components
of spin. One can also recast the zigzag ladder as a linear
chain with NN and NNN exchange interactions [20, 21].
J1 and J2 are the nearest-neighbor and next-nearest-
neighbor exchange coupling between spins, J1, J2 ≥ 0, ∆
is z component anisotropy of NN exchange interaction.
δ is dimerization strength, it appear as a parameter in
our Hamiltonian, the basic origin of this parameter is
the spin-phonon interaction. H is the externally applied
magnetic field in the z direction. One can express spin
chain systems to a spinless fermions systems through the
application of Jordan-Wigner transformation. In Jordan-
Wigner transformation the relation between the spin and
the electron creation and annihilation operators are
Szn = ψ
†
nψn − 1/2 ,
S−n = ψn exp[iπ
n−1∑
j=−∞
nj ] ,
S+n = ψ
†
n exp[−iπ
n−1∑
j=−∞
nj ] , (3)
where nj = ψ
†
jψj is the fermion number at site j.
HA1 = −J1
2
∑
n
(ψ†n+1ψn + ψ
†
nψn+1)
+J1∆
∑
n
(ψ†nψn − 1/2)(ψ†n+1ψn+1 − 1/2) ,
−gµBH
∑
n
(ψ†nψn − 1/2). (4)
HA2 = J2
∑
n
(ψ†n+2ψn + h.c.)(ψ
†
n+1ψn+1 − 1/2)
+ J2
∑
n
(ψ†nψn − 1/2)(ψ†n+2ψn+2 − 1/2).(5)
HA3 = − J2δ
∑
n
(−1)n(ψ†n+2ψn + h.c.)(ψ†n+1ψn+1 − 1/2)
− J2δ
∑
n
(−1)n (ψ†nψn − 1/2)(ψ†n+2ψn+2 − 1/2).(6)
There is a difference between the first term of Eq.4 with
the first term of Eq.5 and Eq.6, in Eq.4 first term present
the hopping whereas the first term in Eq.5 and Eq.6 are
presenting the four fermionic interaction. This difference
arises due to the presence of an extra factor e−ipinj+1
in the string of Jordan-Wigner transformation for NNN
exchange interactions.
Similarly one can also recast the spin-chain systems
with J1 dimerization into the spinless fermions. The
Hamiltonians are converted as follows: HB1 = HA1,
HB2 = HA2 and
HB3 =
J1
2
δ
∑
n
(−1)n (ψ†n+1ψn + ψ†nψn+1)
− J1δ∆
∑
n
(−1)n(ψ†nψn − 1/2)(ψ†n+1ψn+1 − 1/2),(7)
3In order to study the continuum field theory of these
Hamiltonians, we recast the spinless fermions operators
in terms of field operators by this relation.
ψ(x) = [eikF x ψR(x) + e
−ikF x ψL(x)] (8)
where ψR(x) and ψL(x) are describe the second-
quantized fields of right- and left-moving fermions re-
spectively. The spin-Peierls compound, in the absence of
magnetic field, is Generally at half-filling. In the absence
of magnetic field (H = 0), kF = ±π/2, but we are inter-
ested to study the systems in presence of magnetic field,
so we keep Fermi momentum as arbitrary kF . One can
simply absorb the finite magnetization in a shift of field
φ by φ = φ˜− πmx, where m =< Sz > . In presence
of magnetic field Fermi momentum and magnetization
(m) are related by this relation, kF =
pi
2 (1 − 2m)
[6, 21]. We want to express the fermionic fields in terms
of bosonic field by this relation
ψr(x) =
Ur√
2πα
e−i (rφ(x) − θ(x)) (9)
r is denoting the chirality of the fermionic fields, right (1)
or left movers (-1). The operators Ur are operators that
commute with the bosonic field. Ur of different species
commute and Ur of the same species anticommute. φ
field corresponds to the quantum fluctuations (bosonic)
of spin and θ is the dual field of φ. They are related by
this relation φR = θ − φ and φL = θ + φ.
Using the standard machinery of continuum field the-
ory [6, 21, 22, 23], we finally get the bosonized Hamilto-
nians as
H0 = v0
∫ L
o
dx
2π
{π2 : Π2 : + : [∂xφ(x)]2 :
+
g1
π2
∫
dx : [∂xφL(x)]
2 : + : [∂xφR(x)]
2 :
+
g2
π2
∫
dx (∂xφL(x))(∂xφR(x)) (10)
H0 is the gapless Tomonoga-Luttinger liquid part of the
Hamiltonian with v0 = sinkF . The analytical expres-
sions for g1 and g2 (related with the forward scattering
of fermionic field) are the following.
g1 = 2(∆ − 2J2) sin2kF + 2 J2 sin2kF (π + sin2kF )
(11)
g2 = 4(∆ − 2J2) sin2kF + 4 J2 sin22kF (12)
The expression for g1 and g2 are the same of Ref. [24]
and Ref. [6] at m = 0 (kF = π/2).
Analytical expressions for different exchange interac-
tions of Hamiltonian, HA, are the following.
HJ2C1 =
J2
2π2α2
∫
dx : cos[4
√
Kφ(x) − 4kFx− 4kFa] : .
(13)
HJ2C2 =
J1∆
2π2α2
∫
dx : cos[4
√
Kφ(x) + 4kFx− 2kFa] : .
(14)
HJ2C3 =
J2δ
2π2α2
∫
dx : cos[(π−4kF )x+ 4
√
K φ(x) − 4kFa] : .
(15)
Eq.13 and Eq.14 are presenting the umklapp scattering
term from the NN and NNN anti-ferromagnetic exchange
interaction, Eq.15 is appearing due to the presence of
dimerized interaction. Analytical expressions for K is
the following.
K = [
1 − (8/π) J2 sin2kF + 4J2 coskF
1 + (4/π)∆sinkF + 4J2 coskF (1 + 2/πsin2kF )
]
1/2
.
(16)
v0 and K are the two Luttinger liquid parameters. The
expression of K for J2 = 0 and m = 0 is the same
as in Ref. [21]. During this derivation we have used
the following relations: ρR/L =
−1
pi ∂xφR/L(x) and
[φ(x) , Π(x)] = iδ(x − x′), where Π(x) = 1pi∇θ(x),
is the canonically conjugate momentum. We have also
used the following equations,
Sz(x) = a [ ρ(x) + (−1)j M(x) ] . (17)
The bosonized expressions for ρ and M are given by
ρ(x) = − 1√
π
∂xφ(x) ,
M(x) =
1
πa
cos(2φ(x)) . (18)
Similarly one can calculate the analytical expressions for
J1 dimerization. Totsuka [6] has already calculated the
bosonized expressions for J1 dimerization only by using
the symmetric convention of chiral fermions (, ψL ∼
e−2iφL , ψR ∼ e−2iφR), and has expressed the sine-
Gordon coupling, in terms of dual field (θ). Here we
have expressed our all expressions in terms of bare phase
field (φ), by using the conventional practice of continuum
field theory [21, 22, 23]. During these derivations we as-
sume that J1 ≫ J2, δ. J2 is in the unit of J1. Here we
neglect the higher order of a than a2.
2.1 Calculations and Results for m = 0
Magnetization Plateau:
At first we discuss m = 0 magnetization plateau, it
corresponds kF = ± π/2. Here we study both the
effect of XXZ anisotropy (∆) and the spin-Peierls dimer-
ization (δ). The effective Hamiltonian for J2 dimerization
become,
HA = H0 + (
J2 − ∆
2π2α2
)
∫
dx : cos[4
√
K φ(x)] : . (19)
In this effective Hamiltonian (Eq.19), there is no contri-
bution from dimerized interaction due to the oscillatory
4nature of the integrand and it leads to a vanishing con-
tribution but the contribution of dimerized potential is
present in the NN exchange interaction. Similarly the
effective Hamiltonian for J1 dimerization become,
HB = H0 + (
J2 − ∆
2π2α2
)
∫
dx : cos[4
√
K φ(x)] :
+
δ
2π2α2
∫
dx : cos[(2
√
K φ(x)] : . (20)
This dimerization contribution for NN exchange inter-
action has originated from the XY interaction. The
other two contribution of J1 dimerization are from XXZ
anisotropy of NN exchange interaction and z-component
of NNN interaction. In recent past, there are consid-
erable disagreement in conclusions. Chen et al. [25]
claimed that in the limit of small frustration the spin-
Peierls dimerization in NNN exchange interaction desta-
bilizes the isotropic Heisenberg fixed point, leading to a
new gapless Luttinger liquid phase with vanishing spin
wave velocity. Our study [20] has found that spin-Peierls
dimerization in NNN exchange interaction present an ir-
relevant perturbation in the regime of small frustration.
An explicit derivation of this m = 0 plateau is relegated
in the appendix. In this limit Parolla et al. [26] have also
studied this model, and their conclusions are as the same
as ours [20]. So it is a time relevant problem, present
author would like to see this limit of plateau phase more
explicitly. Now we would like to discuss this situation in
the spinless fermions representation.
For the case of J1 dimerization, we only consider the
dispersion of free spinless fermions due to J1, because
the spin-Peierls perturbation will act only over the free
spinless fermions due to J1. The energy dispersion is
ǫk = −J1 cosk, so in zero magnetic field, kF = ± π/2.
As a result wave vector (Q = π) of dimerized potential
is commensurate with the 2kF = π component of den-
sity wave and then it produce a gap in the excitation
spectrum.
But the explanation for absence of, gapped state for
J2 dimerization is not so obvious. Only the intrinsic
dimerization due to NNN exchange interaction can drive
a system from gapless, spin-fluid, state to gapped dimer
order state as one obtained from the Majumdar-Ghosh
model [27]. Numerically it has predicted [28] for isotropic
(∆ = 1) J1-J2 spin chain that the system drives from
spin-liquid state to dimer order state for J2 = 0.241J1.
In our theoretical calculations, we predict this transition
for J2 = 0.167J1. Parola et al. have studied, numeri-
cally, the effect of δ on J2 dimerization, there conclusion
is negative, as we obtain analytically. It revealed from
the variational study that the dimerization has only ap-
preciable effect for higher values of NNN [20]. It is clear
from Fig. 2A of our study that the NNN exchange in-
teraction helps to produce a stable plateau phase for J1
and J2 dimerization, if one only consider the umklapp
term due to the frustrating NNN exchange. Inset of Fig.
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FIG. 2: Luttinger liquid parameter (K) versus J2
J1
for different
magnetization plateaus. A constant dashed line at K = 0.5 is
for eye guide line, which separating the spin fluid and dimer
order instability state. D-O: dimer order instability state, S-
F: spin fluid Luttinger liquid phase. A: Here we only focus
at m = 0 magnetization plateau. Uppermost (dotted) curve
is for ∆ = 0.3 and the lowermost (solid) curve is for ∆ = 1.
The intermediate curves are for ∆ = 0.4, 0.5, 0.6.0.8, 0.9 re-
spectively from upper to lower one. Inset shows the separa-
tion between the spin fluid and dimer order instability state
by a critical line. Here we present the shift of the ( J2
J1
)
c
with
∆. B: Here we present the curves for different magnetization
plateaus. m = 1/2 is independent of ∆ and J2
J1
in contrast
with m = 1/4, 0. The curves for m = 1/4, 0 plateaus are for
∆ = 0.4, 0.5, 0.6 respectively from upper to lower one.
2A, of our study present the variation of critical (J2J1 )c
with the XXZ anisotropy. Below the critical line system
display a short range anti-ferromagnetic order with gap-
less excitations by creating the low lying spinon states
and above the critical line it is the gapped dimer order
state. It reveals that lower values of ∆ shift more the
critical value of (J2J1 )c to change the phase from gapless
spin-fluid phase to gapped dimer order phase. This is
due to the enhancement of quantum fluctuation of the
fields for lower ∆, i.e., for the higher anisotropy.
It is also clear from the Fig 2A and Fig. 2B that
the Luttinger liquid parameter (K) is the function of
∆ and J2 and applied magnetic field. This dependence
is modifying the anomalous scaling dimension of the
physical field through K and the commensurability
properties of spin operator. So we conclude that the
effect of J2 dimerization (intrinsic dimerization) has
pronounced effect near to the Heisenberg point (∆ = 1
and K = 1/2). Spin gap is maximum at this point. In
the dimerized phase this excitations are triplet with a
gap in the excitation spectrum. One can conclude from
the comparison of Fig. 2A (inset) of our study with the
Fig. 4 of Ref. [26] that dimerization strength and XXZ
anisotropy of NN interaction varying reciprocally, as it
should be. Cross and Fisher have studied the spin-Peierls
dimerization problem for NN anti-ferromagnetic spin
5chain [29]. They have predicted that spin gap ∝ (δJ)2/3
. We also retrieve the same result on that special limit
of our general problem. Actually on that limit spin gap
is ∝ (δJ) 12−K [29].
2.2 Calculations and Results for m = 1
4
Magnetization Plateau:
Here we discuss the occurence of a finite (nontrivial)
magnetization plateau We are considering the magneti-
zation plateau atm = 14 , it corresponds kF = ± pi4 . The
effective Hamiltonian for J2 dimerization become,
HA = H0 − (J2 + δ
2π2α2
)
∫
dx : cos[4
√
K φ(x)] :
+
∆
2π2α2
∫
dx : sin[4
√
K φ(x)] : . (21)
Apparently it appears from the general derivation of sec-
tion (2), that the second and third terms of Eq. (21) will
be absent due to the oscillatory nature of the integrand
but this is not the case when one consider the dimerized
lattice. In dimerized lattice, reciprocal lattice vector G
will change from 2π to π due to the change of the size
of the unit cell. It become more clear, if one write these
terms as
∫
dx : cos[(G− 4kF )x + 4
√
K φ(x)] :.
Similarly one can write the effective Hamiltonian for
J1 dimerization:
HB = H0 − J2
2π2α2
∫
dx : cos[4
√
K φ(x)] :
+
∆ (1 + δ)
2π2α2
∫
dx : sin[4
√
K φ(x)] : . (22)
The analytical structure of Hamiltonian (Eq. 22 ) is the
same as in Ref.6 for J1 dimerization. The renormaliza-
tion group equations for these type of interactions are
[6, 21, 22, 30, 31].
dK
dlnL
= − 4π2K2δ2 (23)
dδ
dlnL
= (2 − 4K)δ (24)
It appears from these RG equations that to get a rele-
vant perturbation, K should be less than 1/2. It reveals
from Fig. 3B that K is exceeding the relevant value
in our region of interest to mature criteria for magne-
tization plateau. So the dimerization strength should
exceed some critical value (δc) to initiate the plateau
phase. These two equations are the Kosterlitz-Thousless
equation for the system in this limit. At the critical
point, system undergoes Kosterlitz-Thouless transition
[6, 21, 22, 30, 31]. Here we are not interested to present
the renormalization group flow diagram because it has
already discussed in Ref. [6]. The relation between the
compactification radius (R) of Ref. [6] and the Luttinger
liquid parameter (K) of our study is K = R2. As we
have mentioned that this phase diagram has already ex-
plored explicitly [6, 21, 22, 30, 31, 32], so we only present
the relevant part of the phase diagram following Totsuka
[6] and Tonegawa[8]: since the system flows to the strong
coupling (dimer-order) as the dimerization strength ex-
ceeds some critical value (δc) initially, we have to guess
the physics of this phase. We analyze the system in the
limit δ → ±∞ and K → 0. In this limit we can expect
that the value of φ is pinned at one of the minima of
cos(4
√
Kφ). This parameter dependent transition, from
massless phase to massive phase, at T = 0 is the quantum
phase transition [31]. This quantum phase transition is
occurring at the beginning and end of each magnetization
plateau.
2.3 Calculations and Results for m = 1
2
Magnetization Plateau:
Now we discuss the saturation plateau at m = 12
(kF = 0). KF = 0 implies that the band is empty
and the dispersion is not linear, so the validity of the
continuum field theory is questionable. Values of the two
Luttinger liquid parameters, v0 and K, are 0 and 1 re-
spectively. It also implies that none of the sine-Gordon
coupling terms become relevant in this parameter space.
Saturation plateaus are only appearing due to very high
values of magnetic field. In this plateau system is in fer-
romagnetic ground state and restore the lattice transla-
tional symmetry. We think, this is the classical phase of
the system. Recently Cabra et al have studied the magne-
tization plateau for two leg ladder system with dimerized
leg [10]. The configuration of leg dimerization is differ-
ent from our present study, Fig. 1. In this configuration,
each leg is dimerized by bond alternation and the two
legs are connected by a rung coupling. In their study
relevant operator arises from a combined effect of the in-
terchain coupling and the dimerization along the chain.
This plateau is the manifestation of applied potential not
due to the higher values of magnetic field. This phase is
the quantum phase of the system.
Here we present the possible explanation for the
absence of other fractionally quantized magnetization
plateaus (like 13 ,
1
5 etc): A carefull examination of Eq. 13
to Eq. 15 reveals that to get a nonoscillatory contribution
from Hamiltonian one has to be satisfied 4kF = G condi-
tion but this condition is not fulfilled for these plateaus.
The integrand of this sine-Gordon coupling terms contain
an oscillatory factor that leads to a vanishing contribu-
tion. The other criteria is that non vanishing sine-Gordon
coupling term should be relevant. This incident is same
for both J2 and J1 dimerized chain.
63. DISCUSSIONS AND CONCLUSIONS:
We have presented the generic feature of dimerized
spin chain with NN and NNN exchange interaction
under a magnetic field. Different quantized mag-
netization plateaus have occurred. The occurrence
of m = 0 magnetization plateau of NN exchange is
spontaneous , whereas for NNN exchange interaction
is not spontaneous. We have also predicted a phase
transition line, which separate gapless spin-fluid phase
to gapped dimer order state as a function of J2J1 and
∆. We expect that this critical line is the same for J1
and J2 dimerization, if one only consider the dimerized
phase from intrinsic umklapp term. We also retrieve the
result of Cross and Fisher [29] in one special limit of
our general consideration. The basic origin of m = 14
magnetization plateaus are the same for J1 and J2
dimerization because a critical strength of dimerization
is needed to promote the state into a plateau phase.
A critical strength of dimerized potential is necessary
for the occurrence of this plateau in presence of NNN
interaction. One can expect the Kosterlitz-Thouless
type of transition for the occurrence of this plateau.
This Kosterlitz-Thouless transition has been supported
by the works of Totsuka [6] and Tonegawa [8]. Magne-
tization plateau at m = 12 is the classical state of the
system under high magnetic field. Cabra et al. [10]
have predicted the m = 12 magnetization plateau for
zig-zag ladder with different leg dimerization than our
present problem. This plateau is the quantum phase
of the system. We have explained the absence of other
fractionally quantized magnetization plateaus for our
present problem. Magnetic field dependence response for
a zig-zag ladder with modulation in exchange coupling
have already studied by different groups numerically and
they predict the existence of non zero magnetization
plateau [33]. A higher order commensurabilities have
occured for nonzero magnetization plateaus. This
transition from commensurate gapped phase to gapless
Luttinger liquid phase is the Mott-δ type of transition.
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APPENDIX
In this appendix we present the explicit bosonization
derivation for m = 0 plateau of J2 dimerization. Our
starting Hamiltonian is
H2δ = −J2 δ
∑
n
(−1)n ~Sn · ~Sn+2 . (25)
After Jordan-Wigner transformation ( Eq.3), Hamilto-
nian reduce to
H2δ = −J2δ
∑
n
(−1)n(ψ†n+2ψn + h.c.)(ψ†n+1ψn+1 − 1/2)
−J2δ
∑
n
(−1)n(ψ†nψn − 1/2)(ψ†n+2ψn+2 − 1/2).
(26)
We linearize the energy spectrum around the Fermi
points kF = ±pi2 , and get the Hamiltonian in a final
form
H2δ = −J2δa2
∑
n
(−1)n[− (ρn+1 − (−1)nMn+1)×
(ρn + ρn+2 + (−1)nMn + (−1)nMn+2)
+(ρn + (−1)nMn)(ρn+2 + (−1)nMn+2)]. (27)
During this derivation of H2δ, we have used the follow-
ing relations.
ρ(x) = − 1√
π
∂xφ(x) ,
M(x) =
1
πa
cos(2φ(x)) . (28)
Also, we have used Taylor expressions such as
(R/L)(n+2) = (R/L)(n) + 2a(R′/L′)(n) + 2a2(R′′/L′′)(n) + · · ·
(29)
to write
(R/L)
†
(n+ 2)(R/L)(n) + (R/L)
†
(n)(R/L)(n+ 2)
= (R/L)
†
(n+ 2)(R/L)(n+ 2) + (R/L)
†
(n)(R/L)(n) +O(a2) .(30)
Where R and L are second quantized field of right and
left moving fermions respectively. The non-oscillatory
contributions of the Hamiltonian for XY and Z compo-
nent of interaction are
H2δ(XY ) = J2δa
2
∑
n
[ρn+1(Mn+Mn+2)−Mn+1(ρn+ρn+2)].
(31)
H2δ(Z) = −J2δa2
∑
n
[ρnMn+2 +Mnρn+2]. (32)
Now we perform an operator product expansion of the
above Hamiltonian. In the limit z → w, we can use the
following expansion [34],
∂zφ(z) : e
iβφ(w) : = − iβ
z − w : e
iβφ(w) :
+ : ∂zφ(z)e
iβφ(z) : (33)
7For our case β = 2 and K varies from less than 1/2 to
greater than 1/2 depending on ∆ and J2J1 ratio. Here the
values of K are irrelevant because the various relevant
terms in H2δ(XY ) and H2δ(Z) cancel each other due to
the denominator, z − w , which takes values ±a, ±2a.
Apart from this detail mathematical analysis one can
also understand the absence of this term from the follow-
ing consideration: Here the applied dimerized potential
is staggered. The sine-Gordon coupling term due to this
perturbation is
J2δ
2π2α2
∫
dx : cos[(π − 4kF )x + 4
√
K φ(x) − 4kFa] : .
So at kF =
pi
2 contribute a oscillatory term in the inte-
grand and it leads to the vanishing contribution.
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